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A space-filling polyhedron is one whose replications can be packed to fill three- 
space completely. The class of the known space-filling tetrahedra has been 
recently increased. These enable an increase in the class of the known space- 
filling pentahedra. 
1. INTRoDLJCTI~N 
A space-filling polyhedron is one which can be packed to fill all of three- 
space by replication and suitable orientations. The history and the results 
of various attempts to find such polyhedra is given in a previous paper by 
the author [l]. In a subsequent paper [2], the author increased the class of 
the known space-filling tetrahedra by adding three infinite families to the 
five individual cases in the literature. These new tetrahedra enable the 
construction of new space-filling pentahedra, as shown in the following 
geometrical constructions. 
2. DIVISION OF THE SPACE-FILLING TETRAHEDRA 
A tetrahedron AD’C’D of the first family of [2] is shown in Fig. 1. Three 
of these tetrahedra can be arranged to form a triangular prism, as shown 
in [2]. This tetrahedron has an axis of symmetry that is designated by 
X-X in the figure. A plane cut through this axis, but not containing an 
edge, will cut the tetrahedron into two congruent pentahedra that are 
designated by 5-X1 in Table II (Part 3) which lists the new space-tiling 
pentahedra. If the cutting plane contains the edge AD’, then the pieces 
will be tetrahedra of the second family of [2]. If the cutting plane contains 
the edge DC’, then the pieces will be tetrahedra of the third family. 
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FIG. 1. Dissection of a space-filling tetrahedron into two space-filling pentahedra. 
TABLE II(Part 3) 
3. PENTAHEDRA BY AUGMENTATION OF THE SPACE-FILLING TETRAHEDRA 
By adding h to the length of AD’ and passing parallel edges BE’ and 
CF’ of length h through B and C, the space-tiling tetrahedron is augmented 
by a triangular prism. This produces the space-filling pentahedron 
ABCD’E’F’ (5-X11) shown in Fig. 2. Again, this pentahedron has an axis 
of symmetry Y-Y. Three of these pentahedra can be arranged to form a 
triangular prism whose parallel edges are extensions of AD’, BE’ and CF. 
A cutting plane, through the axis Y-Y and cutting the edges BE’ and 
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FIG. 2. Dissection of a space-filling pentahedron into two space-filling pentahedra. 
CF’, will divide the pentahedron into two congruent pentahedra that are 
designated by 5X111-1 in Table II (Part 3). 
If the cutting plane does not cut the edges BE’ and CF’, then it cuts all 
the faces of the pentahedron and produces two congruent space-filling 
hexahedra. 
4. A MORE GENERAL SPACE-FILLING PENTAHEDRON 
Consider the prism whose normal section is an equilateral triangle of 
edge e, shown in Fig. 3. Pass a cutting plane through this prism so that the 
section is triangle ABC, where the lengths of the sides a and 6 are arbitrary. 
These determine the length of the side c. Select a point F on the same edge 
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FIG. 3. Dissection of a triangular prism into three space-filling pentahedra. 
as C at the arbitrary distance f from C. Then pass the plane FDE through 
F so that DF = AB = a, DE = BC = b, and EF = AC = c. Hence, the 
triangle FDE is congruent to the triangle ABC. Then the truncated prism 
ABCDEF is a pentahedral space-filler since three of these can be arranged 
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to form the triangular prism ABCA’B’C’. The second pentahedron is 
obtained by a translation and a rotation of 120” about the axis of the prism. 
The third pentahedron is obtained by repeating this operation. 
This pentahedron, designated by 5-XIV-1 in Table II (Part 3) has one 
more variable parameter than the pentahedron 5-X11 described in 
Section 2. However, because of the lack of symmetry of 5-XIV-l, it cannot 
be further divided into congruent pentahedra by cutting planes as in the 
case of 5-X11. 
5. SUMMARY 
All the results of this note are summarized in Table II (Part 3) to 
supplement Table II (Parts 1 and 2) of note [l]. The sum of the dihedral 
angles is given for each type of pentahedron. Each of the tabulated 
pentahedra can be used a fill a triangular prism. The number required is 
indicated under “p”. 
The different types of pentahedra listed in Table II are not mutually 
exclusive. For some values of the parameters, some types become equiv- 
alent to others, Each type represents a method of generation, and some 
pentahedra can be produced to two or more methods of generation. 
6. ON FURTHER DEVELOPMENTS 
It is still not known whether all the space-filling pentahedra have been 
found. An analytic method seems to be needed to exhaust the possibilities 
or to show that no others exist. 
The methods used here are applicable to other space-fillers. For example, 
a square prism which is a space-filler, can be cut into four congruent 
hexahedral truncated prisms by the method of Section 4. Similarly, a 
space-filling prism whose normal section is a regular hexagon can be 
divided into six congruent octahedral truncated prisms. These octahedra 
can be taken in pairs or in triplets to form other space-filling octahedra. In 
special cases, other space-filling prisms that are based on plane-filling 
polygons, can undergo division into congruent space-filling polyhedra. 
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